One of the aims of braneworld cosmology is to identify a 'smoking gun' for the existence of large extra dimensions by means of observations of the early universe. Braneworld cosmology has succeeded in reproducing the conventional cosmology at late times in a higher-dimensional context, but finding a unique observational signature has proved elusive. Here we demonstrate that the recently proposed colliding bubble universe predicts an exactly scale-invariant spectrum of scalar cosmological perturbations, with no liberty for the spectrum tilting and bending allowed in conventional slow-roll inflation. This enhanced predictiveness of the colliding bubble braneworld scenario results from the absence of arbitrary or unknown scalar field potentials. The dynamics of the expanding bubble wall branes are completely fixed by symmetry considerations.
I. INTRODUCTION
One of us (MB) recently proposed [1] that the collision of two bubbles of a true anti-de Sitter space vacuum expanding within either de Sitter or Minkowski space can give rise to a braneworld universe consisting of a (3 + 1)-dimensional FLRW brane universe embedded in (4 + 1)-dimensional anti-de Sitter space. A Z 2 (or some larger) discrete symmetry unbroken outside the bubbles but broken in the AdS phase inside requires that after the collision a brane or domain wall form between the two bubbles when the choice of vacua of the colliding bubbles differs. This is the (3+1)-dimensional brane universe on which we live. The spacetime contained within the future lightcone of an observer situated on the (3 + 1)-dimensional brane universe resulting after the brane collision is virtually identical to that of Randall-Sundrum (RS) [2] cosmogony [3] . Consequently, gravity on the brane [4] and the results of any experiment performed there will be identical to those in the infinite RS scenario. In the present scenario, however, the causal past of the local brane, and in particular how certain preferred initial conditions are established, is completely distinct.
The standard RS cosmology suffers from the bulk smoothness and horizon problems [5] . Although inflation on the (3 + 1)-dimensional brane proposed in some braneworld cosmologies can smooth out inhomogeneities on the brane, it remains a complete puzzle why the (4 + 1)-dimensional bulk into which this brane expands should initially be homogeneous and isotropic. If the bulk is not homogeneous and isotropic at the outset, inhomogeneities in the bulk will induce inhomogeneities on the brane at late times. The usual Randall-Sundrum scenario is also plagued with timelike boundaries at infinity and it is unclear what sort of boundary conditions should be imposed on these [6] . In the colliding bubble scenario these problems are avoided because a special initial state is singled out. In the de Sitter case, the five-dimensional Bunch-Davies (BD) [7] vacuum is singled out because this state is an attractor. For Minkowski space, there is a unique, well-defined vacuum to be used as an initial state.
In ref.
[1] the colliding bubble braneworld universe was presented and a heuristic discussion of the physical mechanisms underlying the generation of cosmological density perturbations was given. The colliding bubble braneworld universe heavily relies of the dynamics of false vacuum decay, elucidated quite some time ago by a number of authors [8] . The idea of a cosmology in which entropy and matter-radiation is generated from brane collisions was proposed in the work of Dvali and Tye [9] on brane inflation and in the work of Khoury, Ovrut, Steinhardt, and Turok [10] on the ekpyrotic scenario. Perkins [11] considered a braneworld on an expanding bubble; however, unlike here, in his scenario bubble collisions are cataclysmic events to be avoided. Gorsky and Selivanov [12] considered some similar ideas involving a uniform external field and the Schwinger mechanism. More recently, Gen et al. [13] have recently proposed a interesting variation on our the colliding bubble braneworld scenario in which two bubbles, one nucleating inside the other collide.
In this Letter we present a quantitative calculation of cosmological density perturbations generated in this model. Our strategy is as follows. First we consider the perturbations generated in this model in the absence of gravity. That is, although we take gravity into account at zeroth order, for the unperturbed solution, we ignore the back-reaction of gravity on the linearized perturbations to the perfect colliding bubble solution. After the bubbles have collided to form the local brane on which we live mediating between the two AdS bubbles, we incorporate gravity by matching the gravity-free solutions onto solutions for the adiabatic mode in Newtonian gauge. Finally we discuss possible correction to these approximations.
II. BUBBLE WALL VACUUM FLUCTUATIONS AND JUNCTION CONDITIONS AT THE COLLISION
We begin by discussing the perturbations on the expanding bubbles before collision. As explained in the work of Garriga and Vilenkin [14] , with the coupling to gravity ignored there is but a single degree of freedom, that of translations of the bubble wall, completely described to the linear order of interest here by a free scalar field that lives on the bubble wall. The bubble wall, idealized here as infinitely thin, traces out a world volume trajectory with the shape of a hyperboloid (i.e., the locus of all points at a certain proper geodesic distance from the nucleation center). In the absence of perturbations, this hyperboloid has the internal geometry of de Sitter space. Perturbations are described by means of a scalar field χ defined on the unperturbed hyperboloid H. At each point p on H, χ is assigned a value equal to the distance to the perturbed brane worldvolume along the geodesic passing through p normal to H, with χ taken positive for outward displacements. Of course, since each bubble nucleates as the result of quantum tunnelling, this hyperboloid does not really extend infinitely far into the past. The bubble materializes through quantum tunnelling within a compact (bounded) region. But it is not possible to determine in which rest frame the bubble has nucleated without seriously disturbing the outcome of the quantum tunneling process. Consequently, the quantum state of the fluctuations must be SO (4, 1) invariant. This requirement uniquely fixes the quantum state of the fluctuations. The scalar field χ is in the Bunch-Davies vacuum. The bubble wall tension τ appears in the action for χ as an overall linear factor with units (mass) 4 , so that φ = τ 1/2 χ is the customarily normalized (3 + 1)-dimensional scalar field with units of (energy)
1 . As pointed out by Garriga and Vilenkin, the mass of this scalar field is m 2 = −4H 2 b (where H b is the Hubble constant on the bubble surface) is completely fixed by symmetry. Since the l = 1 modes correspond to translation of the bubble, the change in action for these modes must vanish. This requirement completely fixes the mass.
How these fluctuations of the two expanding bubbles translate into cosmological perturbations on the local brane is completely determined by energy-momentum conservation [1, [15] [16] [17] . We assume that all the energy and momentum of the two colliding branes is transfered onto the local brane. The energy-momentum conservation here is essentially a (1 + 1)-dimensional problem. For determining the matching conditions at the vertex (which here is a three-dimensional spacelike surface) it is possible to ignore spacetime curvature
Spacetime Diagram of Bubble Collision Neighborhood. This diagram illustrates how energy-momentum conservation determines the outcome of the bubble collision, irrespective of the detailed microphysics taking place at the moment of collision. Here the three transverse dimensions generated by the SO (3, 1) symmetry are orthogonal to the plane of the page, the vertical direction indicating time and the horizontal one the 'fifth' spatial dimension. The two-dimensional vectorsū L ,ū R , andū F indicate the vectors tangent to the left, right, and final branes, respectively. ρ L , ρ R , and ρ F , indicate the densities on these branes, respectively, that is the time-time component of the stress-energy as seen by an observer co-moving with the brane on the plane of the page.
because there is no curvature singularity at the vertex. Fig. 2 shows a cut-away of the two bubbles colliding to form the local brane. This cut-away is (1+1)-dimensional orthogonal to the directions generated by the SO(3, 1) symmetry. Letū L ,ū R , andū F be the tangent vectors of the branes lying in this (1 + 1)-dimensional transverse plane, respectively. Stress-energy-momentum conservation requires that
at the point of intersection, where ρ L , ρ R , and ρ F are the densities on the various branes in their respective brane rest frames. Because the bubble walls lack internal structure, ρ L = ρ R = τ , where τ is the surface tension of the expanding bubble wall. ρ F varies, however, according to how much radiation-matter is deposited on the local brane during the collision. Fluctuations in the fields χ L and χ R affect the outcome of the collision in several respects. Firstly, they displace the point of collision with respect to where the collision would have occurred in the absence of perturbations. Secondly, they alter the center-of-mass energy of the collision. Finally they impart a transverse velocity to the local brane. These effects are illustrated in Fig. 3 .
Before calculating the above effects quantitatively, we first describe the degrees of freedom of the local brane. While the expanding bubble wall branes lack internal structure (their stress-energy is simply T µν = τ g (4) µν where g (4) is the induced four-dimensional metric by the surrounding five-dimensional spacetime and τ is the constant brane tension), the local brane
Perturbations of the Bubble Collision. The dashed curves indicate the brane trajectories in the neighborhood of the collision as they would be in the absence of perturbations. The solid curves indicate the actual (perturbed) brane trajectories. In panels (a) and (b) the instant of brane collision is advanced or retarded in time in such a way that the brane velocities remain unaltered. Because the stress-energy content of our the local (F) brane is cooling, this time delay leads to an underdensity or an overdensity in the respective cases. In (c) and (d) the spacetime position of the collision remains unaltered but the velocities of the incident branes are slightly decreased or increased, respectively, leading to an underdensity or overdensity, respectively. Not shown are the possible perturbations along the fifth dimension in position or in velocity. Because these modes couple to the matter on the brane starting only at quadratic order, they are not relevant to our study of linearized perturbations. A general perturbation is a linear superposition of all four modes.
Hyperplane of Local Universe (without Perturbations). The plane of the page corresponds to (1+1)-dimensional section of the (3+1)-dimensional hyperplane of points equidistant from the two nucleation centers. The point M, located at the vertex of the lightcone, is the midpoint of the geodesic connecting the two nucleation centers. The first hyperboloid represents a section of the spatially hyperbolic surface of bubble collision. This surface, and those of constant cosmic density or temperature in its future, has a hyperbolic spatial geometry, because it is generated by the SO(3, 1) residual symmetry of the two expanding bubble geometry. The vertex acts as a "virtual Big-Bang" of the universe on the local brane. Although the spatial geometry on the local brane is hyperbolic, parameters can be naturally chosen so that the spatial curvature radius today lies far beyond our present horizon, rendering the universe on the local brane effectively flat. produced in the collision possesses an additional degree of freedom due to the radiationmatter deposited on the brane. This is simply the usual adiabatic mode of the conventional FLRW cosmological models. As indicated in Fig. 4 , in the absence of perturbations, the surfaces on which the universe on the local brane is at constant temperature are hyperboloids of constant cosmic time. Temperature decreases with increasing cosmic time. We assume that the excess energy deposited on the local brane after the collision takes the form of the perfect fluid with fixed w = p/ρ (taken in explicit calculations equal to 1/3 corresponding to a radiation-dominated universe). We ignore the possibility of exciting the so-called vector modes of the cosmological fluid. In addition to this adiabatic mode, the local brane also has a bending mode corresponding to transverse displacements of this brane. These are characterized by a scalar field χ on the brane, just as the displacements of the expanding bubble.
The bending mode, however, does not affect the cosmological perturbations at linear order.
1 This is because the fields on the brane sense its bending through the perturbation
Hyperplane of Local Universe (with perturbations). In the presence of perturbations, the surfaces of constant cosmic temperature become warped by the processes illustrated in Fig. 3. of the induced metric, which to lowest order is quadratic. We therefore ignore excitations in this transverse mode.
Letx C denote the two-dimensional vector indicating the displacement of the point of collision of the two bubbles as a result of the perturbations χ L and χ R , as indicated in Fig. 2 . Let v c = tanh[2β] be the relative velocity of the two unperturbed bubbles before collision. The displacementx C is computed by solving the two simultaneous equations
where λ L and λ R are undetermined multipliers. Hereū L = (cosh β, sinh β) andū R = (cosh β, − sinh β) are the tangent vectors to the respective expanding bubble branes and n L = (sinh β, cosh β) andn R = (sinh β, − cosh β) are the respective outward normal vectors. Solving (2) yields the displacement
The first term advances or retards the moment of bubble collision; the second excites the bending mode, and thus is ignored for reasons already discussed. The derivatives of χ L and χ R alter the velocity of the colliding branes. Without perturbations, the density at collision is ρ C = 2τ cosh [β] . To linear order, it follows that of one another. Here, however, even though the zeroth order solution is Z 2 symmetric, the degrees of freedom on the two sides are distinct. Hence a bending mode is present.
where the perturbation in the boost parameter is
Here t L and t R are the forward time directions normal to the surface of collision. We use stress-energy conservation on the local brane to conclude that the perturbation in the moment of bubble collision contributes as
Here t.d. denotes time delay and H post is the expansion rate on the local brane immediately after the collision. It follows that
This function on the surface of collision, with three spatial dimensions, gives the amplitude of the adiabatic growing mode.
III. A HYPERBOLIC DESCRIPTION OF THE BUNCH-DAVIES VACUUM
To apply the matching formula above, it is necessary to expand the Bunch-Davies vacuum on each colliding bubble in terms of a mode expansion natural to the colliding bubble geometry and to that of the universe that arises on the local brane. Since (7) contains only the linear combination (χ 1 + χ 2 ), it is possible to adopt the fiction that there is only one bubble, with the perturbations at the surface of collision determined via the formula
where the field φ = τ 1/2 (χ 1 + χ 2 )/ √ 2 has units of energy and the customary normalization. For the moment we further imagine that the bubble is past and forward eternal, extending the classical solution to the past to include a initially contracting phase and ignoring the bubble collision. Now the bubble surface has the geometry of maximally extended (3+1)-dimensional de Sitter space, which can be covered by a series of hyperbolic coordinates, that make manifest the SO(3, 1) subgroup of the full de Sitter group SO(4, 1). The coordinates divide the spacetime into five patches labeled by roman numerals, as indicated in Fig. 6 . For region I the line element is,
In region II the line element is 
Here we are using units of length with H −1 b set to unity. We later restore the correct physical units. With de Sitter space explicitly constructed as the embedding
Regions III, IV, and V are essentially identical, being related by spatial and temporal reflections. The embedding for region II is
Formally, many similarities are apparent between the dynamics of the vacuum bubble expanding in (4+1) dimensions considered here and those of linearized quantum fluctuations of the (3+1)-dimensional inflaton field in the single bubble open inflation [18] [19] [20] . In ref. [19] Bucher and Turok calculated how to describe the Bunch-Davies vacuum for a scalar field of arbitrary but uniform mass in terms of a hyperbolic mode expansion. In the case of interest here, m 2 = −4 [14] (in the units with H b = 1 used here) but there is no bubble wall. In the sequel we first treat the s-wave sector of the scalar field in isolation, using SO (3, 1) symmetry at the end of the calculation to generalize to all modes. In region II, we may expand the s wave sector of the scalar field
where the spatial modes are given by
and the annihilation and creation operators satisfy the usual commutation relation,
The hyperbolic vacuum |Vac H , a quantum state analogous to the well-known 'Rindler' vacuum, defined by the condition that
for all ζ does not coincide with the SO(4, 1) de Sitter invariant Bunch-Davies vacuum, |Vac BD , defined by the conditionŝ
In ref. [19] it was demonstrated that the two sets of annihilation operators are related by the transformation
Consequently, we may expand the scalar field φ in terms of the more physical BD operators as follows,
Having obtained the mode expansion ofφ in region II, we now continueφ into region I, obtaining the mode expansion there in terms of the operatorsâ BD (ζ) and their conjugates. This is in essence a classical field theory problem, complicated somewhat in the technical sense by the fact that the mode functions individually diverge near the lightcone separating regions I and II. In terms of the variable u, where tanh[u] = cos[σ], we note that near this lightcone the following approximation holds
as u → +∞ (approaching the lightcone from outside). In ref. [18] the following matching rules for the asymptotic behaviours from region II to region I were derived:
Two additional relations may be obtained by complex conjugation. Here η, defined by e η = tanh[t/2], is the region I conformal time.
In region I the temporal mode functions take the form
.
Near the lightcone, in the t → 0 or η → −∞ limit,
At large times, as t → +∞ (or η → 0,)
Using (20), we rewrite (19) in region II near the lightcone aŝ
Applying the matching rules in eqn. (25), in region I we obtain in the η → −∞ limit, the expansion
where we have used the SO(3, 1) symmetry to include the remaining non s-wave modes of the spherical harmonic expansion. When matched onto the exact mode functions, this becomes
For a given wavenumber ζ, the region temporal dependence is as follows. First, for small t, the behavior is oscillatory, with an infinite number of oscillations as t → 0 + . Then, after a certain time, dependent on ζ, these oscillations freeze out. In the large t limit, after the onset of this freeze out, the following asymptotic form becomes valid:
Here H b =hc/R has units of energy, restoring toφ its correct physical dimension.
IV. THE SCALAR POWER SPECTRUM
Subsequent to the bubble collision we assume a radiation-matter equation of state on our local brane. In other words, there is no inflation. After the bubble collision, the modes, initially frozen in by the rapid expansion, enter the horizon and become dynamical, first the modes of shortest wavelength followed by those of increasingly longer wavelength. All modes of cosmological interest today lie far outside the horizon at the moment of bubble collision, t = t bc . Consequently, it is justified to use the asymptotic form (28) in the calculation of the power spectrum.
We expand the density contrast at t = t bc
where the coefficients A ℓm (ζ) are regarded as a Gaussian random field satisfying
The terms associated with the quantum operators a BD (ζ; ℓ, m) and a BD (−ζ; ℓ, m) both contribute in quadrature to P δρ/ρ (ζ). Applying eq. (8) to the time dependence e t and squaring this in conjunction with (28) gives
In the flat limit, where the expansion becomes
with
the power spectrum for the density contrast becomes
This is the spectrum for the density perturbations on superhorizon scales with gravity ignored. Our strategy is to ignore gravity prior to the bubble collision, but immediately after the collision to match onto solutions for the growing adiabatic mode in Newtonian gauge. It is well known that taking into account gravity on superhorizon scales is a delicate affair. The choice of gauge is of crucial importance. In fact, different gauge choices give differing power laws for the density perturbations on superhorizon scales. For implementing such matching, self-consistency requires the choice of Newtonian gauge. In Newtonian gauge, density perturbations are frozen in on superhorizon scales, making the final result independent of the time of the matching. On the other hand, if we had for example chosen synchronous gauge, in which density perturbations grow on superhorizon scales, the final result would depend sensitively on the time of matching. For the Newtonian gravitational potential, we have the same scale-invariant power law behavior: Φ ∼ k −3 .
V. CONCLUDING REMARKS
The possibility of constructing a working model of the colliding bubble braneworld cosmology will be discussed in a companion paper [21] . We conclude with the following remarks:
1. We have not accounted for possible effects of the presence of the fifth dimension on the evolution of the density perturbations on the local brane, instead simply matching onto the adiabatic growing mode perturbations for a conventional (3+1)-dimensional flat matterradiation universe. While a more careful treatment including the fifth dimension may alter the overall normalization of the power spectrum, it is implausible that such effects could change the shape of the spectrum. We have also not accounted for the possible influence of finite bubble wall thickness, but this effect should be negligible on the large scales of cosmological interest.
2. Another effect ignored is the influence of self-gravity on the dynamics of the expanding bubble perturbations. To obtain a simple estimate of when it is justified to ignore self-gravity, we compare the order of magnitude of the Newtonian gravitational self-energy, E G = Gτ 2 r 4 , and the characteristic non-gravitational energy, E N G = τ r 3 , where r = τ /(∆Λ) is the approximate critical bubble radius. Here (∆Λ) is the difference in cosmological constant, expressed as an energy density, between the outside and the inside of the bubble. When E G /E N G = Gτ r ≪ 1, self-gravity plays a negligible role. Note that R, where 1/R 2 ≈ G(∆Λ), is the order of magnitude of the horizon sizes of the AdS space inside the bubble or the space outside if this is de Sitter. The condition r < R is equivalent to the above ratio being small. When self-gravity is important, the possible coupling of the gravity wave sector to the scalar sector must be considered. The computation of the tensor, or gravity wave, spectrum in this model remains an interesting open question. While extremely interesting, these issues lie beyond the scope of the present paper.
3. We note that the details of the bubble collision here have been highly idealized. We have assumed an instantaneous junction with no extent in the fifth dimension at which the two colliding bubble branes join to form the local brane. Reality could be much messier, with the junction extended both in time and the fifth dimension, and with a portion of the available energy liberated in the collision escaping into the bulk. However, since our junction conditions are based on no more than energy-momentum conservation, these conditions remain equally valid when the pointlike junction is replaced by a black box. If there is matter ejected into the bulk, if it is free falling, it never falls back onto the local brane. To zeroth order, as a consequence of a generalized Birkhoff's theorem, the effect of this matter on the bulk geometry can be absorbed into a single real parameter. There may be some interesting interaction between perturbations of such matter escaping into the bulk and the perturbations of the matter on the brane.
4. The perturbation calculation presented here, and in particular the conclusion of scale invariance, applies with some straightforward modifications to situations in which the bulk energy densities within the two bubbles differ, such as the previously mentioned variation of the colliding bubble universe proposed by Gen et al. [13] .
5. We find it remarkable that the shape of the power spectrum predicted here is exactly scale invariant, with absolutely no freedom for tilting and bending. This stands in stark contrast to standard slow-roll inflation, where some degree of tilt is regarded as generic. The exactness of the scale invariance in the colliding bubble scenario is a manifestation of the genuinely five-dimensional character of the collision. It is not possible to find an effective four-dimensional description for the collision, because the bulk prior to the collision is in no sense 'effectively thin' and the collision is too violent and ultrarelativistic to be tamed into a description based on four-dimensional moduli. The colliding bubble predicts n s = 1 exactly, a prediction soon to be checked by forthcoming cosmic microwave background anisotropy experiments.
